Abstract: A mathematical model is presented, in which the yield loss (YL) and the decline in polymerization of carbohydrates is comprehended. The model is applicable to the treatment of cellulose and hemicelluloses in alkaline media, and it features the actions of peeling, stopping, and alkaline hydrolysis of the polymer chains. The peeling reaction is further subdivided into primary and secondary peeling depending on whether it originates from an initial reducing end-group (REG) or from an REG created by alkaline hydrolysis. Fitting the model to experimental data provides estimates of the various reaction rate constants. When available, simultaneous observations of the YL and the decrease in chain length contribute to the evaluation of the parameters. Alternatively, if the data are limited to the YL, the obtained parameter estimates allow for a projection of the time development of chain length. The model has been applied on data from two types of experiments: soda-anthraquinone treatment of cotton linters and kraft treatment of Scots pine. It was possible to evaluate the impact of the different processes on degradation as well as the portions of polymer chains possessing active or stabilized REGs.
Introduction
Peeling, stopping, and alkaline hydrolysis are central reactions involved in the degradation of carbohydrate chains, such as cellulose, (galacto)glucomannan (GGM), and xylan (Haas et al. 1967; Lai and Sarkanen 1967) . There are several studies on the interplay between those reactions in the context of disposal of nuclear waste, where the focus has been on the degradation of cellulosic material under moderate ambient conditions over the course of thousands or millions of years (Van Loon and Glaus 1997; Glaus et al. 1999; Knill and Kennedy 2003; Pavasars et al. 2003; Glaus and Van Loon 2008; Rout et al. 2014 ). However, it seems that modeling of the same reactions under conditions relevant to biorefineries has received far less attention. Sjöström (1977) untangled the reaction pathways of the polysaccharides degrading into low molecular weight products during alkaline pulping. De Groot et al. (1995) worked with hemp woody core and applied a first-order model divided into stages of different reactivities on carbohydrate degradation. Van Heiningen et al. (2002 , 2004 employed cellulose mass balance during degradation to derive a relationship between alkaline pulp yield and the degree of polymerization (DP) of cellulose in pulp. Shatalov and Pereira (2005a,b) investigated polysaccharide degradation during ethanol-alkali delignification and developed a kinetic model, where each polysaccharide component is divided into a fast and a slow degrading fraction. Paananen et al. (2010) studied the behavior of wood components during kraft pulping in the range of 80°C-130°C and presented kinetic models, based on the end-wise reactions, for the degradation of the components. Pakkanen et al. (2013) investigated the dependence of the carbohydrate degradation products on the cooking parameters during kraft pulping. Studies by Longue et al. (2013) and Wei et al. (2013) considered the extraction of hemicelluloses from eucalyptus wood through alkaline treatment. Van Heiningen and Ji (2012) and Jafari et al. (2014) inspected the combined effect of kraft pulping followed by oxygen delignification on the carbohydrate yield. In the present study, a mathematical model incorporating peeling, stopping, and alkaline hydrolysis is employed to describe the degradation of carbohydrates in biorefineries during alkaline treatment. A model is sought for, which is able to consider two different aspects of the degradation: the yield loss (YL) and the decrease in polymerization (DecP).
Cellulose and hemicelluloses consist of long chains of anhydro-monosaccharide units. Cellulose is a linear homopolymer made up of anhydro-glucose units, whereas hemicelluloses are slightly branched hetero-copolymers. Wood cellulose has average DPs in the range of 5000-10 000, whereas hemicelluloses have DPs approximately 100-200 (Sjöström 1993; Sixta et al. 2006) . One chain end of cellulose and hemicelluloses is reducing and the other is nonreducing. Further, the reducing endgroup (REG) can be either active or stabilized. If a chain has an active REG, the end-monosaccharide unit can be eliminated from the chain by the so-called peeling reaction. The subsequent element in the chain then forms a new active REG admitting further peeling. Within such a sequence of REGs, where the elimination of one REG leads to the creation of the next, the previous REGs are called ancestors in relation to the later ones (descendants). The peeling reaction plays a central role in the degradation of the polysaccharide chains and the resulting loss of yield during aqueous alkaline conditions. The stopping reaction terminates the end-wise peeling by stabilizing the REG. These two reactions alone would, after some time, lead to a situation where all the active REGs are stabilized and degradation is terminated. However, the reaction of alkaline hydrolysis alters the scene by eliminating a non-end element, thus cleaving the chain. One of the new chain endunits then becomes an active REG again susceptible to the peeling reaction, whereas the other becomes a non-REG. Peeling descending from initially active REGs is classified as primary peeling, whereas peeling as a result of alkaline hydrolysis is classified as secondary peeling. Testova et al. (2014) and Mozdyniewicz et al. (2013) presented a mathematical model for the carbohydrate YL, considering the interplay between the relevant degradation reactions. The first quoted paper focused on the effects of acid pretreatment and subsequent stabilization on cotton linters pulp, in which the fitting of the degradation model to the various pretreatment and stabilization reactions resulted in different reaction rate estimates for each case.
The application of the YL model to kraft-treated Scots pine data provided an evaluation of the impacts of the various reactions on the YL, showing that primary peeling accounts for most of the rapid initial YL during alkaline treatment . After the stabilization of the primary REGs, secondary peeling dominates the YL. The direct contribution of alkaline hydrolysis to YL is very small, but that caused by secondary peeling is significant.
The DecP is often considered independently of the YL, with emphasis on the role of alkaline hydrolysis. Ekenstam (1936) developed a model for the DecP in terms of the rate constant of hydrolysis. Calvini (2012) gives an alert account for the further development of the still relevant Ekenstam equation.
In the present study, the carbohydrate degradation model should be augmented to incorporate also the DP. It is well understood that the end-wise reactions on the carbohydrates during alkaline treatment affect not only the yield but also more specifically the DP of the carbohydrates. The peeling reaction shortens the chain by removing elements, one at time, from the reducing end, and alkaline hydrolysis, more drastically, by splitting the chain in two shorter parts. To quantify the DP development theoretically, data from the studies of Testova et al. (2014) and Paananen et al. (2013) will be applied and a mathematical model will be developed for the DecP during alkaline treatment comprising the same parameters as the YL model. In the case that experimental data are available for the DecP data, the model can enhance the estimates of the YL model. On the contrary, if only YL data are available, fitting the YL model data into the DP model will still provide a means for simulating the DP development. The objective is also to compare the contributions of the different reactions to the DecP.
Materials and methods
Two categories of data were utilized in this study. First, sodaanthraquinone (AQ) treatment of cotton linters (Testova et al. 2014) , which permits the easy evaluation of the DP because of the absence of lignin. Second, the raw material from Scots pine was subjected to kraft treatment (Paananen et al. 2013) , producing degradation data on glucomannan, xylan, and cellulose.
Soda-AQ treatment of cotton linters: Cotton linter pulp was ground in a Wiley mill with a mesh size of 0.5 mm. In this context, four types of experiments were carried out, with regard to acid pretreatment and stabilization: (1) no pretreatment (CL), (2) pretreatment with oxalic acid (OA), (3) pretreatment with oxalic combined with borohydride (BH) stabilization attempted in situ in the alkaline degradation stage (OA+BH), and (4) pretreatment with OA combined with AQ-2-sulfonic acid sodium (AQS) salt stabilization attempted in situ in the alkaline degradation stage (AQS). The acid pretreatment took place at a 15 ml g -1 liquid-to-solid ratio at 110°C. The isothermal duration was 80 min. The alkaline degradation trials were conducted at a temperature of 160°C, a liquid-to-solid ratio of 40 ml g , and the addition of dispersed 0.1 g l -1 AQ. The content of REGs was evaluated using the bicinchoninic acid method. The cotton linters experiments are described in detail by Testova et al. (2014) .
Kraft treatment: The wood material was chipped and screened according to 01. Subsequently, the screened chips were milled with a Wiley mill to pass through a 1 mm slot screen. The experiments were conducted in a 10 l batch reactor at a liquorto-wood-ratio of 200:1. The OH ion concentration levels were 0.5 and 1.55 M. For the lower [OH - ] level, the temperature was 160°C, and at the higher [OH - ] level, cooks were performed at 130°C, 140°C, 150°C, or 160°C. The addition of NaCl fixed the ionic strength at a constant level of 2.00 M [Na + ]. For all cooks, the sulfidity was kept at 33%. At each [OH - ] level, a temperature combination of a series of approximately 10 cooks with increasing duration was performed, the shortest lasting under 10 min and the longest lasting for a few hours. Both the wood residue and the black liquor were analyzed for carbohydrate content. The Scots pine experiments are described in detail by Paananen et al. (2013) .
Mathematical models: Model for YL: The system of differential equations below describes the joint effects of the different end reactions on a carbohydrate molecule (Mozdyniewicz et al. 2013; Nieminen et al. 2014; Testova et al. 2014 
Here, R is the amount of active REGs, P is the material degraded by peeling, and H is the material degraded by alkaline hydrolysis. The amount of initial material is denoted by Γ 0 and the reaction rate constants for peeling, stopping, and alkaline hydrolysis are designated as k p , k s , and k h , respectively. The first term on the right in the first equation of the Equation (1) system just indicates the decrease rate in active REGs due to the stopping reaction, and the second equation describes that the peeling rate is proportional to the amount of active REGs. That the second term on the right of the first equation in the system is the same as that on the right of the third equation reflects the fact that each alkaline hydrolysis reaction creates a new active REG. It is possible to transform the system of differential equations to a second-order differential equation, from the analytic solution, of which expressions for R, P, and H can be obtained. Alternatively, one can work with a numerical solution of the system. The sum P+H then gives the model function to be compared with the experimentally obtained YL.
The parameters related to the Equation (1) system are (a) the initial values for the amounts of peeled-off material (P) and the material removed by alkaline hydrolysis (H) as well as the initial portion of REGs and (b) the reaction rate constants for peeling, stopping, and alkaline hydrolysis.
Assuming that no peeling or alkaline hydrolysis has occurred before the alkaline treatment, the initial values of P and H are zero. It is, however, less obvious what the initial amount of the active REGs is. Although some estimates of the average chain lengths for cellulose and the hemicelluloses exist, the knowledge about the division of the REGs into active and stabilized ones is deficient. Hence, the reciprocal of the chain length only gives an upper limit to the number of active REGs. Therefore, the initial number of active REGs and the reaction rate constants are left as free parameters to be determined through a fit of the model to experimental degradation data.
Fitting the mathematical model to the experimental data gives estimates for the reaction rates. The presence of several different temperatures in the experimental data enables the calculation of the frequency factors and activation energies for the reactions according to the well-known Arrhenius equation. The equation system can be modified to describe separately the portions of primary and secondary peeled carbohydrate materials ).
Model for DecP: A peeling reaction reduces the polymer chain length by one element, whereas an alkaline hydrolysis reaction, apart from removing one element from the chain, also splits the chain in two parts, thus, on the average, reducing the chain to half of its previous length. Correspondingly, n cases of alkaline hydrolysis reaction on a polymer chain divide the original chain in n+1 parts, thus decreasing the length by the same factor. Hence, the DP can be expressed as a function of the original chain length and the numbers of the different peeling and alkaline hydrolysis reactions:
Here, n 0 is the length of the initial chain, n P is the number of peeling reactions, and n H is the number of alkaline hydrolysis reactions.
To express the DecP model with the same variables as the YL model, the quantities in Equation (1) can be related with those of Equation (2):
Inserting Equations (4) and (5) into Equation (2) and multiplying both the numerator and the denominator on the right with Γ 0 /n 0 result in:
In this version of the DecP model, the free parameters related to the reaction rates are the same as those in the YL model. In addition, the DecP model contains the parameter for the chain length n 0 , the reciprocal of which gives an estimate for the total (both active and stabilized) number of REGs. In Equation (6), the amount of active REGs R does not appear explicitly, but the initial value of R is still present implicitly as P, R, and H are all parts of the solution of the same system of differential equations [Equation (1)].
Combination of the YL and DecP models: Because the YL and DecP models both have the same sets of free parameters, fitting the models in two separate fits will give two different estimates for each parameter. Therefore, it would be adequate, in cases when experimental data for both models exist, to combine the two data sets and the two models would result in for a single estimate for each free parameter fitting both models simultaneously to their respective data. On the contrary, if only YL data are available, the free parameters can be estimated and subsequently the DecP can be simulated. For fitting, both YL and DecP data sets of cotton linters data were assembled into a common matrix with an added dummy column to indicate to which original data set a row belongs. In a similar way, four other dummy columns were introduced for the pretreatments to allow for fitting the model simultaneously to the data of the four different pretreatments, with rate constants independent of the pretreatments. (Calvini 2013) . Further, the reciprocal DP value is multiplied with a weight coefficient μ, to make the values commensurable with the YL values, and in this approach imposes equal significance on the two data sets with regard to the fit. The combined model function (Equation 7) was composed as a sum of the individual functions, where the coefficients of the terms depended on the dummy variables in such a way that the coefficient is 1, when the corresponding data row is relevant for the term and zero otherwise. ( 1-)YL( , , , , ) ( , , , , , )
As before, the k:s are the rate constants for the endwise reactions. Further, ξ i and η i denote the initial amounts of active and stabilized REGs, respectively. The subindex i in these two quantities indicates that they change with the type of pretreatment as opposed to the rate constants. In agreement with the DecP-related values in the data matrix, the DecP term in the function appears as a reciprocal multiplied with the weight coefficient μ. The combined model function has one nonzero term for each row because every row of the combined data matrix originates in either the YL or the DecP data and represents one and only one of the four pretreatment options. The Mathematica software function "NonlinearModelFit" provided parameter estimates and SEs by fitting the model function to the data.
Relationships between active REGs, stabilized REGs and DecP: In our model, a REG is either active or stabilized. Hence, the total number of REGs within an ensemble of macromolecules of a certain polysaccharide is the sum of the active and stabilized REGs:
Here, aREG and sREG denotes active and stabilized REGs, respectively, and the N prefix specifies that it is the plain number of the REGs within the ensemble that is under scrutiny. If the terms in Equation (8) are divided by the total number of fundamental repeating structure units of the polymer in the ensemble, the results is
Here, the prefix n stands for the number of REGs per fundamental repeating structure unit. Because every macromolecule has one and only one REG, n(REG) is the reciprocal of the (number average of) the DP. Now, the initial DP was one of the parameters of the DecP model; in Equation (6), the initial DP was denoted by n 0 . Further, the initial amount of active REGs was one the parameters in the YL model. Thus, if both YL and DecP development data are available, the initial n(REG) and n(aREG) can be estimated by fitting the combined YL and DecP model to the data, and from this, the initial n(sREG) can be simply calculated according to Equation (9). If the YL development data are available together with an a priori estimate for the initial average DP but no DP development data, the initial n(aREG) can be estimated from fitting the YL model. Then, the initial n(REG) can be obtained as the inverse of the initial DP; consequently, the initial n(sREG) can be calculated from Equation (9). If the initial n(REG), n(aREG), and n(sREG) and the corresponding rate constants are estimated, the respective time developments can also be calculated, bearing in mind that the function R of Equation (1) describes the an REG development and Equation (6) describes the DecP development. The sREG development follows from Equation (9).
The REG amounts will be expressed in the following as molality values (i.e., μmol g -1 of the polymer):
Here, m(REG) is the molality of the REGs and M is the molar mass (g mol -1
) of the fundamental repeating structure unit of the polymer (162 g mol -1 for cellulose as well as GGM and 132 g mol -1 for xylan). The factor 10 6 is due to expressing the molalities in terms of micromole instead of mole.
Results and discussion

Alkaline treatment of cotton linters pulp
The experiments with cotton linters pulp provided both YL and DecP for the cellulose as the only fiber component. The fitting of the comprehensive model to these data confirmed the existence of common model parameter estimates for the YL and DecP models. Further, the same reaction rate constants for peeling, stopping, and alkaline hydrolysis could describe the YL and DecP developments, notwithstanding the type of pretreatment. Figure 1a and c shows the fits of the comprehensive model to the YL and DecP data, respectively. The partition of the degraded material into contributions of primary and secondary peeling as well as alkaline hydrolysis (Figure 1b ) reveals that primary very fast peeling is restricted almost entirely to the first few minutes. Furthermore, secondary peeling dominates the . Collective estimates for the four different types of pretreatment.
Rate constant
Estimated value Figure 1d displays the decrease in the active REGs and increase in the stabilized REGs during alkaline treatment. The order of the REG molalities for the four different pretreatments remains the same as initially for both active and stabilized REGs throughout the treatment period. Tables 2 and 3 summarize the parameter estimates of the combined model. The respective effects of peeling and alkaline hydrolysis on DP have been investigated by computer simulation (in silico) switching off the peeling reaction. Figure 1e compares the DP development in the case that the peeling rate constant is set to zero with the case when it has the value determined by the fit of the combined model. In both cases, the parameter values of the other parameters are those determined by the fit. There is a clear difference between the two cases indicating, perhaps a bit conterintuitively, that the effect of peeling is indeed significant for the shortening of the polymer chains.
Kraft treatment of Scots pine
For the experiments with Scots pine, only the YL data were accessible. In a previous study , these data were employed to estimate the kinetic parameters associated to the degradation. Apart from the end-wise degrading reactions, which remove one element at a time from the polymer chains, the carbohydrates in the kraft cooking experiment can also be dissolved into the black liquor in longer fragments. To be able to fit the model expression for the remaining carbohydrates to the data, it is assumed that the end-wise reactions proceed with the same reaction rates in the black liquor as in the wood residue. The model was then fitted to the joint amount of carbohydrates in the wood residue and the black liquor. Figure 2 shows the fit of the YL model to the data for different carbohydrates and temperatures. Table 4 summarizes the estimated activation energies and frequency factors related to the various reactions. The several temperatures applied enable an estimation of the activation energies and frequency factors, from which the rate constants can be calculated through the Arrhenius equation. Further, estimates for the initial amount of active REGs were obtained through the fit. These estimates together with some a priori knowledge of the total initial amount of REGs (or equivalently the initial DP) will allow for the calculation of the amount of stabilized REGs. Sixta et al. (2006) reported the a viscosity average of 5080 was related to the DP. Assuming a polydispersity index of 3, this implicates a DP n of 1693. The corresponding total initial fraction of REGs for cellulose is then 0.00059, and this value was selected as an a priori estimate for the total REGs. As for GGM, the following estimates for the total initial fractions for GGM are available: 0.0071 (Procter and Apelt 1969) , 0.0064 (Young and Liss 1978) , and 0.0098 (Jacobs and Dahlman 2001). The average of these three values was employed as an a priori estimate for both GGM and xylan. Table 5 shows the estimates for active and stabilized REGs. The parameter estimates the rate constants and the initial portion of REGs by fitting the YL model, which is inserted into the DecP model. Thus, the simulation of the time development is empowered for DP as well as the molalities of the active and stabilized REGs for the different carbohydrate chains as presented in Figure 3 .
Conclusions
A coherent mathematical model describing simultaneously the YL and DecP for carbohydrates during alkaline treatment is conceivable. If both YL and DecP values are available, fitting the combined model provides a joint estimate of the rate constants and the initial REGs. The combined model applied on the YL data alone, together with some a priori knowledge of the initial average polymer chain length, provides a means for assessing the time development of the DecP as well as the active and stabilized REGs.
In the case of soda-AQ treatment of cotton linters, primary peeling dominates the rapid YL during the first few minutes and secondary peeling dominates the YL later on. Alkaline hydrolysis has an insignificant direct effect on the YL, but it is essential in triggering secondary peeling. The rate constants for peeling, stopping, and alkaline hydrolysis do not change as a function of the different pretreatments; the initial portions of active and stabilized REGs alone account for the differences in YL and DP. Both alkaline hydrolysis and peeling contribute substantially to the reduction of DP, especially in the beginning. A model of DP during alkaline treatment must take peeling into consideration. OA pretreatment increases the number of active REGs. Subsequent BH or AQS pretreatment accomplishes a strong increase in the stabilized REGs. If Scots pine was submitted to kraft treatment, the temperature has a greater effect on xylan and cellulose DP than that of GGM. Of the three carbohydrates, xylan has the lowest and GGM has the highest initial ratio between stabilized and active REGs.
